This paper is the second one of two papers aimed at constructing hamiltonian systems of n degrees of freedom.
Introduction
This second article is the continuation of a first one [6] where we applied an algebraic approach to study highly excited molecular systems with no resonance between two of the oscillators representing the molecular system.
After some basic reminders about the normalization structure of 314 energy levels (until 70 % of the dissociation energy) with a set of 34 coefficients which is in good agreement with [2] . In order to describe the vibrational structure of more excited levels, it is necessary to take into account a 2 : 1 resonance between the stretching oscillator associated with the O-Cl bond and the bending oscillator associated to the angular deformation between bonds O-Cl and O-H. The coupling operators are then implemented by hand on a more or less arbitrary manner and it is a laborious task to predict in advance the total number of operators appearing in the Hamiltonian.
In the present paper, after some definitions and reminders about the standard normalization of the harmonic oscillator of quadratic part H 0 (section 2), we present a building method of the normalized vibrational Hamiltonian for a molecular system having two degrees of freedom fulfilling a p : q resonance condition (p and q are positif integers with a gcd equal to 1). We derive also the enumeration of all the independent operators and the number of involved coefficients. Then we extend the method to systems having n degrees of freedom (section 3). The method introduces on a systematic way all the operators, in particular the coupling operators, which can be obtained from polynomial formed by products of powers of the generators of the invariant polynomial algebra. Then we establish the theorems counting the coupling operators involved in the Hamiltonian (sections 3.4 and 3.5). Demonstration of these theorems imply to implement a specific vocabulary which is given in Appendix. We end our paper with the counting of all the operators and parameters involved in the normalized Hamiltonian describing the vibrational structure of ClOH molecule until 98 % of the dissociation limit (section 4).
Normalization

Lowest order Hamiltonian: H 0
Suppose H(q 1 , ..., q n , p 1 , ..., p n ) the classical vibrational
Hamiltonian of an Hamiltonian system with n degrees of freedom, the quadratic part of which is an anisotropic harmonic oscillator H 0 = n k=1
, where the n quantities ω k are characteristic pulsations of the oscillators (with 1 ≤ i, j ≤ n, ω i = ω j ) and q k , p k are the canonical dimensionless variables generalized coordinates and conjugate momenta defined on the phase space Γ.
Definition of the p : q resonance
The hamiltonian H 0 shows a unique p : q resonance if two pulsations (refer here-after as ω 1 and ω 2 ) are connected through a relation of the form:
p and q are two positif integers with gcd(p, q) = 1 and p ≥ q [4] , the n − 2 others pulsations ω k satisfying to the condition of non resonance (Equation (3) of [6] ).
Equations of motion
We introduce the complex variables z k and z * k defined in function of the canonical variables q k and p k (1 ≤ k ≤ n) as:
The lowest order Hamiltonian can be now rewritten H 0 = −ı(ω 1 z 1 z 1 * + p q ω 1 z 2 z 2 * + n k=3 ω k z k z k * ). With these new variables z k , the equations of motion reads:
Hamiltonian flow
From an initial condition z 0 = (z 1,0 , ..., z n,0 ), formally the solution of the equations of motion is written as z(t) = 
2 Solutions z(t) are the trajectories of the Hamiltonian flow or the orbits of the harmonic oscillator with a p : q resonance.
Hilbert basis
The condition of resonance (1) implies that the kernel Ker ad H0 of the adjoint operator ad H0 , (defined by equations (4) and (5) of [6] ), is generated by the n + 2 monomials ( [4] ) (n ≥ 2 integer) :
.., σ n = z n z n * .
The kernel has the structure of a Lie algebra, called algebra of the invariant polynomials. The generators σ k (−1 ≤ k ≤ n) form a basis of Ker ad H0 called Hilbert basis ( [16, 17, 18] ). As in the non resonant case, the generators of the Hilbert basis are invariant under the flow of the harmonic oscillator φ H0 t , which is a symplectic symmetry for the generators [6] . While for the case n = 2, [15] used J = pσ 1 + qσ 2 , Π 1 = pσ 1 − qσ 2 , Π 2 = 2 p+q pp Re z 1 * p z 2 q and Π 3 = 2 p+q pp Im z 1 * p z 2 q , we prefer to conserve equations (4) which are more easy to use in order to build a normalized quantum Hamiltonian as we will see in section 3.
Poisson brackets of the generators
The Poisson brackets of the generators are equal to zero except: {σ −1 , σ 1 } = ipσ −1 , {σ −1 , σ 2 } = −iqσ −1 , {σ 0 , σ 1 } = −ipσ 0 , {σ 0 , σ 2 } = iqσ 0 and {σ −1 , σ 0 } = iσ 1 p−1 σ 2 q−1 (p 2 σ 2 − q 2 σ 1 ).
Reduced phase space
The generators of the invariant polynomials algebra, σ −1 , σ 0 , σ 1 and σ 2 (σ 1 ≥ 0, σ 2 ≥ 0), are not independent.
They satisfy the relation:
In the phase space Γ = R 2n , the iso-K-energy surfaces are hyper-surfaces of R 2n−1 .
For a given value h 0 of H ′ 0 = − H0 ı (obviously h 0 > 0), in the case of a p : q resonance, (5) becomes: and the condition
In the phase space, Eq. (6) defines the reduced phase space [15] , on which the dynamics of the motion is reduced to a space of dimension n. 
The normalized Hamiltonian K
We want to define a normalized Hamiltonian K ver-
moreover K has to be invariant under time reversal operation (TRO). Generators τ (σ k ) = σ k for 1 ≤ k ≤ n are also invariant under TRO except σ −1 and σ 0 which verify 
Construction of the normalized Hamiltonian
. We expand the normalized Hamiltonian as a polynomial development of powers of the generators until an order N . In what follows, N ≥ p + q + 4, q 0 , q 1 , q 2 , q 3 , δ and β are integers; values of Q 0 , Q 1 , Q 2 and Q 3 in the sums have to be precise in order that the development based on the generators of the algebra be effectively a polynomial expansion. >From [6] we already know that Q 0 = E( N 2 ). In the expression of K here-after, we will need to demonstrate that Q 1 = E( N p+q ),
) and Q 3 = E( β−(p+q) 2 ):
In section 3.1.3, we will prove that the invariance of K under TRO implies that all the coefficients of K are purely imaginary.
Furthermore, one distinguishes in K the monomials built as powers of σ −1 or σ 0 and we will call them coupling monomials between the two resonant oscillators : they appear in the sums
Others monomials are the non resonant monomials.
Invariance of K under TRO
Hypothesis of the invariance of the Hamiltonian K under TRO implies the following identification:
4
Taking into account the relations Eq. (8), one may factorize sets of λ-monomials of same coefficients in Eq. (7).
These λ-monomials are all real, in particular the following coupling monomials: σ
. Moreover the transformation of the (q k , p k ) in (z k , z * k ) is symplectic of multiplier −i, like the Hamiltonian K. One thus deduce that all the coefficients in Eq. (7) are purely imaginary.
Independence of the coefficients
>From the Jacobi identity (−1 ≤ j ≤ 2): {K, {σ j , H 0 }}+ {H 0 , {K, σ j }}+{σ j , {H 0 , K}} = 0 and calculating all the Poisson brackets {K, σ j }, knowing that (K, σ j ) ∈ Ker ad H0 , one deduces that none relation exists between the coefficients of the development of Eq. (7): the different λ-monomials are independent between them.
Range of variation of the Q i
We will now precise the range of variation of the integers appearing in (7).
• For Q 1 : the monomials σ to the maximal value Q 1 satisfying (N ≥ p + q):
are equal to zero.
• For Q 2 : the 2-monomials σ
In an expansion of K to a given order δ, the following condition should be verified for the degree of the different 2-monomials:
As the products of the powers of these 2-monomials should always appear in K, it implies p 2 ≥ 1 and
The integer q 2 may vary from 1 to a maximal value Q 2 , obtained for the smallest value of p 2 (p 2 = 1). From (9), one deduces
).
We determine now the range of variation of the integer p 2 . Conditions (9) and p 2 integer imply that, for a fixed value of δ , with 1 ≤ q 2 ≤ Q 2 , p 2 varies between the integer values of E( δ−2Q2 p+q ) and E( δ−2 p+q ). In particular, for δ = p+q+2 or p+q+3: Q 2 = 1 and p 2 = 1; however for δ = p + q + 3, the condition (9) is not satisfied. This will not be detrimental to the counting of the coefficients in the sums S • For Q 3 : the 3-monomials σ (p 3 , γ and r 3 are positive integers) are of degree (p + q)p 3 +2γ +2r 3 . As for the 2-monomials, one requires that the following condition is respected:
As the products of powers of the 3-monomials have to be include in K: p 3 ≥ 1, γ ≥ 1 and r 3 ≥ 1, thus β ≥ p + q + 4. We denote q 3 = γ + r 3 . For a fixed value of q 3 , γ takes all the values from 1 to q 3 − 1.
Furthermore we impose no constraint to the integer q 3 which takes all values from 2 (r 3 = γ = 1) to a maximal value Q 3 , obtained for p 3 = 1. With (10), we find that
We determine now the range of variation of the integer p 3 . For a fixed value of β, conditions (10) and contains Q 2 2-monomials. Thus one deduces that it con-
) 2-monomials. Denoting N = p+q +2+K with K integer and δ = p+q +2+k with k an integer such that k = 0, ..., K:
. The sum contains K + 1 monomials but the calculation of Λ 1 depends on the parity of K:
each integer in the sum appears two times: 1 associated to E(1), E(3/2), ..., except the last term giving E(p + 1) =p + 1 which appears only one time, thus we get:
• if K = 2p+1 (p integer) is odd, thus for k = 0, ..., K, each integer in the sum appears two times: 1 associated to E(1), E(3/2), ...,p + 1 for E(p + 1) and E(p + 3/2). After calculations, one obtains:
For fixed values of N and β, a sum S
. This sum has
3-monomials.
We denote now N = p + q + 4 + K with K integer and β = p + q + 4 + k with k integer such that k = 0, ..., K,
. The calculation of these two sums depends on the parity of K:
• if K = 2p (p integer) is even, then for k = 0, ..., K, the following integers appear two times in the sum Thus one deduces that:
the following integers appear two times in the sum
Performing all the calculations, it reads:
Finally, the result is given by:
The number of others monomials involved in the Hamil-
(Eq.
(13) of [6] for n = 2).
Dissatisfaction of the counting
Eq. (11) to (14) take into account the redundancy of some 2-monomials or 3-monomials in the expression of (7). For instance, for a 1 : 1 resonance, developing K until
m, ℓ instead of three in reality.
3.3. Multiplicity of some λ-monomials
Pointing the problem
In the formula (7), we associate the couple of integers C = (p 2 , q 2 ) (2-couple) or (p 3 , q 3 , γ) (3-couple) to a 2-monomial or a 3-monomial. In fact, in the next section,
we will count the λ-monomials in the sums S
m, ℓ and S (7) is N = p + q + 2 for the 2-monomials and p + q + 4 for the 3-monomials.
• For fixed δ (respectively β), we call secondary interval IS, the set of all the values taken by the integer q 2 (respectively q 3 ) between the integers 1 (respectively 2) and Q 2 = E(
) (respectively
• For fixed δ or β, we will say that a couple of integers C is present if it appears in the secondary interval IS. In the opposite case, it will be declared absent.
• A couple of integers C is said present on a main • We define the multiplicity µ of a couple C as being the number of times this couple appears in an given interval (main or secondary).
• The cumulative multiplicity (also denoted by µ) of a couple C on a secondary interval IS in the number of times this couple appears on the greatest main
value of δ or β.
• The set of couples C with same value p j = k ′ (j = 2, 3) constitutes a class of couples or more simply a class C k ′ . The population of a class is the number of couples belonging to this class.
• The set of couples C with the same cumulative multiplicity on IS constitutes a class of multiplicity. We denote byΛ µ its population.
Properties
• By construction, to a given value of q 3 corresponds
•
, present, appears once and only one on an secondary interval:
their multiplicity is thus equal to 1.
• The multiplicity of an absent couple on a main or secondary interval is equal to zero.
• In the case of a resonance p : q, the cumulative multiplicity of a couple of integers C may take all integer values from 0 to p+ q. This last value is the maximal cumulative multiplicity of the couple. This result is easily established from Eq. (15) . Thus one deduces that the cumulative multiplicity of an absent couple is either zero or maximal. We will call switch-off couple, an absent couple of maximal cumulative multiplicity.
Calculation of a cumulative multiplicity
By the same way, we calculate the cumulative multi-
the couples of integers belonging to a class 
For a given value of N = N 1 belonging to the interval given by (15) , the multiplicity of the present couple (k
be calculated by:
with N app = k ′ (p + q) + 2q j the value of N from which this couple appears on this main interval. Eq. (16) gives also the cumulative multiplicity of the couple present on the secondary interval IS N1 . Indeed, from the definition, the cumulative multiplicity of the couple (k
on this secondary interval is its multiplicity on the largest 
. A posteriori we have to distinguish trois cases in our study according the parity of p + q and of k ′ : p + q even whatever the parity of k ′ ; then for p + q odd, to study the cases when k ′ is even then odd.
Demonstration of these theorems is given in Appendix.
Theorem 1. If p + q is even and k ′ an integer ≥ 1:
Theorem 2. If p + q odd and k ′ an even integer ≥ 2:
Theorem 3. If p + q odd and k ′ an odd integer ≥ 1: 
m, ℓ (m = −1, 0; ℓ = 1, 2) from (7) for 4 ≤ N ≤ 18 and 2 ≤ p + q ≤ 5.
Theorems of the 3-monomials counting
Pointing the problem
In this section, we give the theorems of the counting of the 3-monomials σ
m of (7), but also the numberα 2 of 3-monomials of degree N . Without limiting the generality of the problem, we will write N = k ′ (p + q) + 4 + i with k ′ a positive integer and i an integer such that i ∈ [0, ..., p + q − 1]. As for the 2-monomials, three cases should be distinguished in our study according to the parity of p + q and of k ′ . In what follows, we denote
Theorem 4. If p + q even and k ′ an integer ≥ 1:
Theorem 5. If p + q odd and k ′ an even integer ≥ 2:
Theorem 6. If p + q odd and k ′ an odd integer ≥ 1: 
m (m = −1, 0) of (7) for 6 ≤ N ≤ 18 and 2 ≤ p + q ≤ 5.
Theorem 7. The normalized Hamiltonian K given by (7) with a p : q resonance between its two oscillators, is described by N coef coefficients, N op independent monomials among which N c are coupling monomials and given by:
∆ 1 and ∆ 2 are given by the counting theorems (Theorems 1 to 6). coupling monomials in (7) for N = 10 and 2 ≤ p + q ≤ 5.
3.6. The general case
Construction of the normalized Hamiltonian
We consider a Hamiltonian system described by n ≥ 3 oscillators among which oscillators "1" and "2" are in p : q resonance. Hamiltonian K is supposed to be invariant under TRO. The quadratic part of K is :
The n quantities ω k are characteristic pulsations of the oscillators. The Hamiltonian can be expressed as a function of the generators of the Hilbert ba-
If we write K as a polynomial development of the generators of the Hilbert basis until the order N ≥ p + q + 4, it reads:
In Eq. (26), all the coefficients are purely imaginary; i 1 , ..., 
) and Q 3 = E(
K involves two contributions: a first one corresponding to a Dunham development on the basis of the generators [6] and a second contribution corresponding to a polynomial expansion of the coupling terms.
Furthermore, using the same method as here-before in 3.1.3, one obtains that the different coefficients involved in the normalized Hamiltonian K given by Eq. (26) are independent.
Theorem 8. K is described by N coef coefficients (among which Nc 2 coupling coefficients), N op independent monomials whose N c are coupling monomials, satisfying the following equations:
∆ 1 and ∆ 2 are given by the counting theorems (Theorems 1 to 6) and Λ = min(n, Q0) λ=1 and a bending oscillator (oscillator "2") to the angle between these bonds.
Quantum vibrational Hamiltonian
The classical relations between dimensionless variables {z j , z * k } = −iδ jk , take now the following form: 
On a more compact way, Eq. (31) may be rewritten:
Similarly, the treatment of others coupling operators inK gives:
HamiltonianK is Hermitian and the N coef coefficients are real.
Eigen basis of the HamiltonianĤ 0
The eigenstates ofĤ 0 are generated from the vacuum state with the relation (n 1 , n 2 , n 3 are integers):
>From Theorem 8, the quantum vibrational Hamiltonian, developed until the order N = 10 (Q 0 = 5), is described by 115 operators, 60 of which are coupling operators and 85 coefficients; so, we write (with the usual convention that is equal to 1): 
Numerical simulations
The vibrational structure of the ClOH molecule has been studied in [2] until almost the dissociation limit. For levels of energy less than 70 % of the dissociation limit, the authors make a Dunham expression based on the number operators (See [6] ). But, for highly excited levels, due to the more and more frequent accidentally couplings between levels energetically close, Fermi resonance between oscillators "1" and "2" ( ω2 ω1 ≈ 2) has to be taken into account. Quantum numbers n 1 and n 2 are "no more good quantum numbers", as refers in the literature, and they are replaced by the polyad number P = n 1 + 2n 2 (See for instance [20] ). In [2] , the authors determine 725 levels of energy, which means to take into account up to 38 quanta of excitation exchanged between oscillator "1" and "2" (P ≤ 38) and 7 quanta for the oscillator "3", labeling of the states being made with the polyad number 
Conclusion and perspectives
We have presented a method of construction of a vibrational normalized Hamiltonian, modeled by a set of n oscillators until a high order N . It allows to describe the highly excited vibrational levels in the case of a p : q resonance. We have also counted all the operators intro- 
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Appendix
2-monomials counting
In this section, we present the demonstration of the three counting theorems of the 2-monomials. We denote the order N of the development of (26) 
The different classes of couples
On IS, the different values taken by q 2 belong to different classes of couples: C 1 , ..., C k ′ −1 and C k ′ . We begin by searching the couples belonging to the class C k ′ as well as the populationΛ ′′ of this class. The couples (k ′ , q 2 ) of this class are:
. the multiplicities of these 1 + E( i 2 ) couples are easily calculated with the Eq. (15) and (16) . The cumulative multiplicities of the couples 
or accordingly to the parity of i:
Couples of the others different classes of IS break down as follows:
)) for the class C 2 and finally (1, E(
for the class C 1 .
Calculation of the cumulative multiplicity of the 2-couples implies to distinguish three cases: p + q even (case A), p + q odd with k ′ even (case B) and p + q odd with k ′ odd (case C). Results are given in the tables 6 to 10.
Case A
We denote byΛ ′ the population of the classes C k ′ −1 to C 1 ; on each of these classes, each cumulative multiplicity ( p+q 2 in number) p + q − 1 + ǫ, p + q − 3 + ǫ, ..., 1 + ǫ appears only one time; we may write:
The populationΛ of all the classes C j (j = 1, ..., k ′ ) is the sum of (37) and (40). In order to obtain the number of 2-monomials, we have first to determine the number of switch-off couples α on IS. To do it, depending of the parity of K = (k ′ − 1)(p + q) + i, we have to substract from Λ 1 (given by (11) or (12)) the populationΛ of all the couples present on IS. As the cumulative multiplicity of all the switch-off couples is equal to p + q,Λ is divisible by p + q. More precisely, one calculates Λ 1 by replacing in (11) or (12) N by k ′ (p + q) + 2 + i; one obtains:
with
For the case A, K has the same parity as i thus R is canceled byΛ
We obtain:
To eliminate the redundancies in the switch-off couples in IS, it is enough to divide α by p + q. The number of couples, thus the number of 2-monomials ∆ 1 in a sum S 
From which we deduce that:
].
Theorem 1 is thus proved.
Case B
Compared with case A, for a given class of couples, the cumulative multiplicities are either all even or all odd. We have to distinguish the "sub-cases" i even and i odd:
• If i is even, one counts p+q+1 2 odd cumulative multiplicities 1, 3, ..., p + q, which appear exactly one time on each of the
whereas the odd classes
even cumulative multiplicities : 2
even the number of couples of, respectively, odd and even cumulative multiplicity on IS, except the couples of the class C k ′ which population is given by (37). We have:
14
One deduces:
then the populationΛ of all the classes, the population of C k ′ being still given by Eq. (38). The determination of switch-off couples is made analogously to the case A. For i and k
is odd, Λ 1 is obtained with (41) and (43), thus it gives:
One checks that (48) is divisible by p + q, R being canceled by the contributions (38) and −
4 of (47). Eq. (48) divided by
• If i is odd, there is 
It gives: 
then the sum ofα 1 = (
2 and (52) divided by p+q gives:
This proves the theorem 2 .
Case C
As for case B, the study implies to consider all the "sub-cases" i even and i odd:
odd cumulative multiplicities 1, 3, ..., p + q, which appear exactly one time on each of the 
>From which we deduce:
then the populationΛ of all the classes, the population of C k ′ is determined by (38). The number of switch-off couples is obtained on a analogous way that cases A and B. K = (k ′ − 1)(p + q) + i being even, Λ 1 is given by (41) and (42),Λ ′′ is given by 
Theorem 3 is thus demonstrated.
3-monomials counting
In this section, we give the demonstration of the three with Q 3 = E(
The different classes of couples
Successive values taken by the integer q 3 on IS compose the classes of the couples :
. We begin by giving explicitly the 3-couples belonging to the class C k ′ as well as its popu-
of this class are:
. We determine the multiplicities of these 3-couples with the help of (15) and (16) . Thus, the cumulative multiplicities of
respectively, µ = i + 1, i − 1, ..., i + 5 − 2q 3 , ..., 1 + ǫ with
. However, to a given value of q 3 , there is q 3 − 1 3-couples (k ′ , q 3 , γ). The counting of the population of C k ′ is equivalent to the counting of all the 2-couples (k ′ , q 3 ) which cumulative multiplicities on IS is the product of one of the q 3 −1 3-couples (k ′ , q 3 , γ) which it relates and of q 3 − 1. It reads:
or also, depending of the parity of i:
The 3-couples of the others different classes of IS divide as follows:
for the class C 2 and finally (1, E(
for the class C 1 . As for the 2-monomials, the calculation of a cumulative multiplicity implies to distinguish the three cases: p + q even (case A), p + q odd with k ′ even (case B) and p + q odd with k ′ odd (case C). Results are given in the tables 11 to 15.
Case A
We denote byΛ ′ the population of the classes
to C 1 ; the counting ofΛ ′ is more tedious than for the 2-monomials, because, for one given class of couples, there is 
3-couples
of cumulative multiplicity µ = 1 + ǫ in each of the classes C j . Thus one has:
Doing similarly for the others populations:
. . .
PopulationΛ ′ is the sum of Eqs. (60) to (62):
The populationΛ =Λ ′ +Λ ′′ of all the classes C j (j = 1, ..., k ′ ) is the sum of Eqs. (57) and (63). To count the number of 3-monomials in a sum S
m , one has at first to determine the number of switch-off couples α on IS, the method remaining the same as for the 2-monomials.
It gives: α = Λ 2 −Λ, where depending on the parity of
is given by Eq. (13) or (14).
In Eqs. (13) or (14) we replace N by k ′ (p + q) + 4 + i, and one obtains the following equations:
For the case A, K and i have the same parity, thus R is canceled byΛ ′′ . All calculations made, it results:
The number of 3-monomials ∆ 2 in a sum S
m , is obtained by summing α p+q andα 2 , the number of couples present without multiplicity on IS take into account the 3-couples of the classes C j (1 ≤ j ≤ k ′ − 1) and of the class C k ′ :
One deduces ∆ 2 = α p+q +α 2 given by Eq. (20) ; this proves theorem 4.
Case B
Compared with case A, as for the 2-monomials, one has to consider the "sub-cases" i even and i odd. Once again, the method consists to begin with the populations of the different classes of multiplicity, to determineΛ ′ even andΛ ′ odd , the populations of even and odd cumulative multiplicities on IS, except the class C k ′ which population is known and given by Eq. (57).
• If i is even, there is 
One counts also 
One deduces the population of all the classes C j (j = 1, ..., k ′ − 1):
For i and k
is obtained by Eqs. (64) and (66), thus it results:
Eq.(71) is divisible by p+q, the sum of terms − (66)). Moreover, the number of 3-couples present without multiplicity on IS is:
This is Eq.(21) for i even (ǫ = 0).
• If i is odd, one counts 
There is also
classes of even multiplicity with
classes appearing one time on each of the
even classes of couples C k ′ −2 , ..., C 2 . Furthermore, for a given cumulative multiplicity µ = 2j, there is
+ 2 − j 3-couples. It gives: 
It follows that:
∆ 2 is deduced from (21) for the value ǫ = 1. Theorem 5 is demonstrated.
Case C
As for the case B, One has to consider the "sub-cases"
i even and i odd.
), each of these classes appearing exactly one time on each of the
even classes of couples C k ′ −1 , ..., C 2 . Furthermore, for a given cumulative multiplicity µ = 2j,
It reads:
One deducesΛ ′ :
Determination of the number of switch-off couples is made on the same way as for cases A and B. For i even and
obtains Λ 2 with (64) and (65), thus: 65)). The number of 3-couples present without multiplicity on IS is given by Eq.:
It is Eq. (22) for i even.
), each of these classes appearing exactly one time on each of these
odd classes of couples C k ′ −2 , ..., C 1 . Furthermore, for a given cumulative multiplicity µ = 2j,
+ 2 − j 3-couples. It gives:
One deduces the populationsΛ of all the classes C j 
One obtains ∆ 2 by (22) for i odd (ǫ = 1). Theorem 6 is demonstrated. 
p + q class C j q 3 µ 
